Abstract. This paper develops and analyzes two least-squares methods for the numerical solution of linear, stationary incompressible Newtonian fluid flow in two and three dimensions. Both approaches use the L 2 norm to define least-squares functionals. One is based on the stress-velocity formulation (see section 3.2), and it applies to general boundary conditions. The other is based on an equivalent formulation for the pseudostress and velocity (see section 4.2), and it applies to pure velocity Dirichlet boundary conditions. The velocity gradient and vorticity can be obtained algebraically from this new tensor variable. It is shown that the homogeneous least-squares functionals are elliptic and continuous in the
sure, and "stress" [4] , (iii) velocity, velocity gradient, and pressure [11] , (iv) velocity, velocity gradient, and pressure with additional constraints [11] , and (v) constrained velocity gradient and pressure [15] . The new "stress" variable in (ii) is actually the deformation rate tensor and not the physical stress. Least-squares methods based on the first three formulations employ either discrete inverse norms (see [10, 7] ) or meshweighted L 2 norms (see [3] ) in order to achieve optimal finite element approximations. The inverse norm approach is very expensive due to its discrete inverse norm evaluations, and fast multigrid solvers are still a missing ingredient for the mesh-weighted L 2 norm approaches. If the original problem is sufficiently smooth, methods based on the last two formulations are equivalent to the H 1 norm. Such equivalence implies optimal finite element approximations and optimal convergence of multigrid solvers. But the smoothness requirement is restrictive.
A common feature of all these formulations is that they do not involve the primitive physical equations. Based on the velocity-pressure formulation of the Stokes equations, they are derived by introducing new variables such as vorticity in (i), "stress" in (ii), velocity gradient in (iii) and (iv), and constrained velocity gradient in (v) . Some of these new variables have physical meanings, but they are not original physical quantities of interest.
The first objective of this paper is to develop a new least-squares method that does not have the above mentioned drawbacks and that computes the original physical quantities directly. For linear, stationary problems of incompressible Newtonian fluid flow, our least-squares method is based directly on the primitive first-order partial differential system: the stress-velocity-pressure formulation, without introducing any new variables nor any new equations. We define the least-squares functional by applying a L 2 norm least-squares principle to this first-order system. It is shown that the homogeneous least-squares functional is elliptic and continuous in the H(div; Ω) d norm for the stress, the H 1 (Ω) d norm for the velocity, and the L 2 norm for the pressure. This immediately implies optimal error estimates for conforming finite element approximations in H(div; Ω)
. It also admits optimal multigrid solution methods if Raviart-Thomas finite element spaces are used to approximate the stress tensor. Both discretization accuracy and multigrid convergence rates are uniform in the viscosity parameter.
Since the pressure can be represented in terms of the normal stress and since the stress is an independent variable in the first-order system, the pressure can be eliminated from the first-order system. By replacing the pressure with the normal stress, we derive the stress-velocity formulation for incompressible Newtonian fluid flow. We can then define the corresponding least-squares method and show identical numerical properties to those of the stress-velocity-pressure formulation, since the stress-velocity formulation is a special case of the stress-velocity-pressure formulation. It is important to note that, mathematically, the stress-velocity formulation for linear, stationary problems of incompressible Newtonian fluid flow is the limiting case of the stress-displacement formulation for elastic problems when 2µ = ν. This indicates that this paper, together with [14] , develops a unified least-squares approach for both elastic solids and incompressible Newtonian fluids with respect to spatial discretization and fast solution solvers, even though the variables and materials have different physical meanings. Hence, our method can be extended to problems coupling elastic deformation with fluid flow.
Many applications in incompressible Newtonian fluid flow do not have traction boundary conditions. It is then not necessary to use the stress as an independent variable. This is especially true because the stress does not contain any information on the vorticity that is a physical quantity of great interest in fluid mechanics. Thus, for pure velocity Dirichlet boundary conditions, we define a new independent variable, pseudostress, in terms of the velocity gradient and pressure, and then derive an equivalent first-order system containing the pseudostress and velocity. The pressure, the velocity gradient, and, hence, the vorticity are expressed in terms of the pseudostress. The L 2 norm least-squares functional based on this first-order system is again shown to be elliptic and continuous in the
Hence, Raviart-Thomas finite elements for the pseudostress and standard continuous piecewise polynomials for the velocity yield optimal approximation, and the resulting algebraic equations can be solved with optimal multigrid methods.
For completeness, we also study inverse norm least-squares functionals and show that their homogeneous forms are elliptic and continuous in appropriate Hilbert spaces. These functionals can be used to develop discrete inverse norm least-squares methods (see, e.g., [6] ). Also, for many applications, it is convenient to impose boundary conditions weakly through boundary functionals. Such functionals are also studied in this paper (see section 4.5). (See [23] for the computational feasibility of methods based on these types of functionals.)
Least-squares methods developed in this paper for linear, stationary problems can be easily extended to nonlinear incompressible Newtonian flows, at least in principle. One can simply include an appropriate form of the nonlinear convection term in the residual of the momentum equations. Possible choices for this form can (1) involve only the velocity or (2) involve the (pseudo-) stress which replaces the velocity gradient. Mathematical analysis for least-squares methods applied to nonlinear problems is much more difficult, but it still can be established using the abstract theory of [9] . Formulations of our methods can be easily extended to incompressible non-Newtonian flows as well: only a simple modification is needed in the constitutive equation.
An outline of the paper is as follows. In section 2, the stress-velocity-pressure formulation for incompressible Newtonian fluid flow problems and the corresponding linear, stationary problems are introduced, as well as some notation and the Stokes equations. In section 3, least-squares functionals based on the stress-velocity-pressure and stress-velocity formulations are developed, their ellipticity and continuity are established, and finite element approximations and multigrid solvers are discussed. In section 4, least-squares methods for pure Dirichlet boundary conditions are developed. 
which is a Hilbert space under the norm
and define the subspace For a second-order tensor τ = (τ ij ) d×d , define its divergence and normal by
.
respectively. That is, the divergence and normal operators apply to each row of the tensor. Also denote the matrix trace operator by tr:
t be the velocity vector field of a particle of fluid that is moving through x at time t, and let σ = (σ ij ) d×d be the stress tensor field. Without loss of generality, we assume that the homogeneous density is one. Then conservation of momentum implies both symmetry of the stress tensor and the local relation
where D Dt is the material derivative
In this paper, we restrict ourselves to linear, stationary problems, i.e., problems where the momentum equation in (2.1) is of the form
Let ν be the viscosity parameter, p the pressure, and
t the deformation rate tensor, where ∇ u is the velocity gradient tensor with entries (∇ u) ij = ∂u i /∂x j . Then the constitutive law for incompressible Newtonian fluids is
The second equation in (2.3) is the incompressibility condition. Without loss of generality, we assume that ν = 1, since otherwise u can be rescaled to ν u. Now, combining (2.2) and (2.3), we have the stress-velocity-pressure formulation for incompressible Newtonian fluid flow:
Differentiating and eliminating the stress in the above system leads to the well-known incompressible Stokes equations:
3. General boundary conditions. For simplicity, we assume that the boundary conditions are homogeneous:
When Γ N is nonempty, because of the traction boundary condition, it is natural and necessary to have the stress be the independent variable. Hence, we study leastsquares functionals based on formulations for stress-velocity-pressure (section 3.1) and for stress-velocity (section 3.2). Our primary goal in this section is to establish continuity and ellipticity for these least-squares functionals in appropriate Hilbert spaces. The least-squares finite element method based on the stress-velocity formulation is described in section 3.3.
3.1. Least-squares functionals based on the stress-velocity-pressure formulation. The first-order system (2.4), together with boundary conditions (3.1), is the stress-velocity-pressure formulation for linear, stationary incompressible Newtonian flow. Taking the trace of the second equation in (2.4) and using the fact that
we have the following important relation between the pressure and normal stress:
Before defining least-squares functionals, let us first describe solution spaces. When Γ D = ∂Ω, Stokes system (2.5) and (3.1) have a unique solution, provided that
Together with (3.2), this implies
Therefore, we are at liberty to impose these conditions on the stress and pressure. Thus, define the spaces
we define the following least-squares functionals:
and
We will first establish uniform boundedness and ellipticity (i.e., equivalence) of the homogeneous functionals G −1 (τ , v, q ; 0) and G(τ , v, q ; 0) in terms of the respective functionals
To accomplish this, let A λ : R d×d −→ R d×d be a linear map defined by
The A λ is the compliance tensor of fourth order, a terminology from elasticity. Parameters λ and µ are material constants for both solids and fluids. We will use the following fundamental inequality for the trace of X N :
where C is a positive constant independent of λ. This inequality was proved in [1] for two dimensions and Dirichlet boundary conditions (i.e., d = 2 and Γ N = ∅) and in [13] for both two and three dimensions and general boundary conditions. When λ approaches ∞, the limit of the linear map A λ is
Since the constant in (3.6) is independent of λ, taking the limit of (3.6) as λ → ∞ and using the first equation in (3.7) we obtain
Lemma 3.1. There exists a positive constant C such that
Proof. From the definition of the inverse norm and the Cauchy-Schwarz inequality, we have that 
Proof. The upper bounds in both (3.11) and (3.12) follow easily from the triangle inequality and (3.10).
To show the validity of the lower bound in (3.11), we first note that
We used symmetry of I and (v) and the triangle inequality above. Now integration by parts and the Cauchy-Schwarz and Korn inequalities lead to τ , v, q ; 0) . To bound the deformation rate tensor (v), it follows from the fact that
the Cauchy-Schwarz inequality, and (3.13) that
This implies that
Now to bound q in (3.14), since tr (τ + q I − (v)) = tr τ + d q − ∇ · v, we have
It then follows from the triangle inequality that
Next, we bound tr τ above by the homogeneous functional and the L 2 norm of the deformation rate tensor. To do so, we first establish a similar upper bound for A ∞ τ . Note that A 2 ∞ = A ∞ and that (q I, A ∞ τ ) = 0. These identities and the Cauchy-Schwarz inequality lead to
which implies that
Together with (3.9), inequality (3.16) yields
Now, combining upper bounds in (3.14), (3.15), and (3.17) and using the CauchySchwarz inequality, we have
which, together with (3.17), (3.15), and (3.9), implies that both τ 2 and q 2 are also bounded above by the homogeneous functional G −1 (τ , v, q ; 0) . This completes the proof of the lower bound in (3.11) . Since
then the lower bound in (3.12) follows from (3.11). The proof of the theorem is therefore completed.
Least-squares functionals based on the stress-velocity formulation.
In this section, we derive the stress-velocity formulation by using relation (3.2) to eliminate the pressure. We then define least-squares functionals based on this formulation and establish their ellipticity and continuity.
Assume that the first equation in (2.3) holds. Then it is easy to see that (3.2) is equivalent to the incompressible condition, the second equation in (2.3). Relation (3.2) says that the pressure is the negative of the arithmetic average of the normal stress. Since the stress is a variable in our first-order system, using (3.2) we eliminate the pressure in the first equation of (2.3) to obtain the following constitutive equation:
Note that taking the trace of this equation yields the incompressible condition. This and the momentum equation define the stress-velocity formulation for incompressible Newtonian fluid flow problems. In particular, for linear stationary problems, we have
with boundary conditions (3.1). Let
for (σ, u) ∈Ṽ. We also define the norm functionals τ , v) andM (τ , v) , respectively; i.e., there exist positive constants C 1 and C 2 such that
Proof. Since tr τ ≤ d τ , Theorem 3.2 with the choice of q = −tr τ /d yields the upper bounds in both (3.22) and (3.23) and the following lower bounds:
Now the lower bounds in both (3.22) and (3.23) are a direct consequence of the bound
Least-squares finite element methods.
In this section, we restrict our attention to the least-squares method based on the L 2 norm least-squares functional G for the stress-velocity formulation, although the method developed in this section can be developed in the same manner for the stress-velocity-pressure formulation, and discrete inverse norm methods can be developed for the inverse norm functionals (see [6] ). In fact, it seems that the least-squares method based on the stress-velocity formulation may be preferable since it does not involve the pressure and, more importantly, since it has mathematical structure similar to that of linear elasticity. Consequently, we develop a unified numerical approach for both linear elasticity and linear, stationary incompressible Newtonian flows. The pressure, if desired, can be recovered using (3.2).
The variational problem corresponding to the L 2 norm least-squares functional for the stress-velocity formulation is to minimize functional (3.21) overṼ, that is, to find (σ, u) ∈Ṽ such thatG
By Theorem 3.3, we can conclude that (3.24) has a unique solution. Now (3.24) very much resembles the variational problem for the least-squares formulation of linear elasticity developed in [14] . In particular, the elasticity leastsquares problem for limiting case λ → ∞ is precisely (3.24) . In [14] , optimal accuracy for the least-squares finite element approximations and optimal multigrid convergence rates for solving the resulting algebraic equations are established to be uniform in λ. This indicates that using the finite elements in [14] to discretize the least-squares problem in (3.24) will give optimal accuracy, and multigrid methods with optimal complexity can be used to solve the resulting algebraic equations. For completeness, we describe these finite elements and their approximation properties and comment on multigrid methods for solving the resulting algebraic systems. For simplicity, we take the two-dimensional case (d = 2).
Assuming that the domain Ω is polygonal, let T h be a regular triangulation of Ω (see [16] ) with triangular elements of size O(h). Let P k (K) be the space of polynomials of degree k on triangle K, and denote the local Raviart-Thomas space of order k on K:
Then the standard H(div; Ω) conforming Raviart-Thomas space of order k [22] and the standard (conforming) continuous piecewise polynomials of degree k + 1 are defined, respectively, by
Space Σ k h is used to approximate the stress, and space V k+1 h is used to approximate the velocity. These spaces have the following approximation properties: let k ≥ 0 be an integer, and let l ∈ (0, k + 1]:
Based on the smoothness of σ and u, we will choose k + 1 to be the smallest integer greater than or equal to l.
The finite element discretization of our stress-velocity least-squares variational problem is as follows: is a subspace ofṼ, (3.29) has a unique solution. As proved in [14] , we have the following error estimations.
denoting the solution to (3.29), the following error estimate holds:
As for the pressure, it can be recovered algebraically using (3.2):
It follows from (3.2), (3.31), the triangle inequality, and Theorem 3.4 that
Remark. Theorem 3.3 states that the homogeneous functionalG(τ , v; 0) is equivalent to the H(div; Ω) norm for the tensor variable and the H 1 norm for the vector variable. It is then well known that multigrid methods applied to discrete linear system (3.29) have optimal convergence properties (see, e.g., [19, 2, 12, 20, 24] ).
4.
Pure Dirichlet boundary conditions. Many applications in incompressible Newtonian fluid flow are not posed under traction boundary conditions. It is then not necessary to use the stress as the independent variable. In fact, the stress and the deformation rate tensor may not be the variables of choice, especially if the vorticity is needed. This is because the vorticity is the skew-symmetric part of the velocity gradient, and thus the stress and deformation rate tensor do not contain information on the vorticity. For this reason, in this section we develop a least-squares method involving variables that can recover the velocity gradient and vorticity without differentiation. This least-squares method will use the finite element spaces described in section 3.3.
For simplicity, we assume the homogeneous Dirichlet boundary condition
First-order systems.
Whereas the vorticity is the skew-symmetric part of the velocity gradient, the deformation rate tensor (u) is the symmetric part of the velocity gradient. From the second equation of first-order system (2.4), it is then not possible to algebraically obtain the vorticity from the stress tensor. To accomplish this, a new variable must be introduced in place of the stress. This new variable should be chosen such that the resulting least-squares functionals have properties similar to G −1 and G (G −1 andG) and such that both the stress and vorticity can be algebraically obtained from this variable. Insight into designing this new variable can be obtained by noting that for incompressible fluids the divergence of (∇u) t vanishes:
Specifically, defining the new independent tensor variable, the pseudostress, to bẽ (4.4) and so by (4.2) we have
Moreover, using the incompressibility of u, we have
The pseudostress is not symmetric and probably not a primitive physical quantity. However, the resulting first-order system is
which is essentially equivalent to (2.4). Differentiating and eliminatingσ in (4.7) leads to the incompressible Stokes equations:
we define the following leastsquares functionals based on first-order system (4.7):
and 
Proof. The theorem can be proved in a similar manner as in Theorem 3.2. Actually, the key inequality
which is similar to inequality (3.14), can be established easily: integration by parts and the Cauchy-Schwarz inequality lead to
Now (4.13) follows from the Poincaré and inequalities.
As in section 3.2, we can derive the following first-order system without the pressure:
in Ω,
The corresponding least-squares functionals arẽ 
Proof. The theorem can be shown in a similar fashion as in Theorem 3.3.
Remark. The mixed variational problem based on (4.14) is to find (σ,
It is easy to see that (4.19) is essentially a vector version of the mixed formulation for the second-order elliptic problems. Therefore, any stable pair of finite elements for the second-order elliptic problems (see [8] ) is also a stable approximation for (4.19 ). This will be studied in a forthcoming paper.
Least-squares finite element methods.
The variational problem for the L 2 norm least-squares formulation of (4.14) is to minimize least-squares functional (4.16) overṼ 0 , that is, to find (σ, u) ∈Ṽ 0 such that 
Since Σ 4.5. Weakly imposed boundary conditions. In the previous sections, boundary conditions were imposed on the solution spaces. This leads to least-squares finite element approximations that are more accurate on the boundary than in the interior of the domain. In the context of least-squares methods, it is natural to treat boundary conditions weakly through boundary functionals. This is also convenient for many applications.
As an example of least-squares boundary functionals, we describe a least-squares functional with boundary terms for first-order system (4.14): 
Relation to existing least-squares methods.
There are many existing least-squares methods for the Stokes equations. Since the pseudostressσ involves the velocity gradient and the pressure, our approach has some similarities with the methods in [11, 15] . In [11] , the velocity gradient is introduced as an independent variable; two additional (consistent) constraints (vanishing trace and curl of the velocity gradient) are added to the original system; the variables of the least-squares method are the velocity, velocity gradient, and pressure; and the homogeneous L 2 norm least-squares functional is elliptic and continuous in (H(div; Ω)
, where H(curl ; Ω) is the Hilbert space consisting of square-integrable vectors whose curls are also square-integrable. In [15] , a constrained velocity gradient (the velocity gradient satisfying the incompressibility condition) is introduced as an independent variable; the least-squares method is based on the div-curl system of the constraint velocity gradient and the pressure; and the homogeneous functional is elliptic and continuous in (H(div; Ω)
d ∩ H(curl ; Ω) d ) × H 1 (Ω). Both methods require sufficient smoothness for the original problem, and, hence, their applicability is very limited.
As a side remark, we comment that the div-curl least-squares method can be developed for our formulations. To see this, applying the curl operator to the first equation of (4.14) leads to the following div-curl system:
in Ω, These div-curl approaches will be studied in a forthcoming paper.
